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Abstract

An improvement is a correct program transformation that optimizes the program, where the criterion is that
the number of computation steps until a value is obtained is not strictly increased in any context. This paper
investigates improvements in both — an untyped and a polymorphically typed variant — of a call-by-need
lambda calculus with letrec, case, constructors and seq. Besides showing that several local transformations
are optimizations, a main result of this paper is a proof that common subexpression elimination is correct
and an improvement, which proves a conjecture and thus closes a gap in the improvement theory of Moran
and Sands. The improvement relation used in this paper is generic in which essential computation steps
are counted and thus the obtained results apply for several notions of improvement. Besides the small-step
operational semantics, also an abstract machine semantics is considered for counting computation steps. We
show for several length measures that the call-by-need calculus of Moran and Sands and our calculus are
equivalent.
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1. Introduction

Motivation and State of the Art. Lazy functional programming languages like Haskell [9] support declarative
programming, since they provide a high level of abstraction and allow a definition of the intended results
without specifying the exact sequence of operations (see for instance, [6] for further motivation of functional
programming). While there does not exist an official formal semantics of Haskell, it is often loosely identified
with an extended lazy lambda calculus with call-by-name evaluation. However, all real implementations of
Haskell use call-by-need evaluation —i.e. lazy evaluation extended with sharing to avoid duplicated evaluation
of subexpressions.

For reasoning about program semantics, it does not matter whether a call-by-name or call-by-need
semantics is used, since both induce the same (equational) semantics. However, for reasoning about the
resource consumption, the call-by-name evaluation does not match the real implementations and thus a call-
by-need has to be used. Thus, call-by-need program calculi provide a good model of both the correctness of
the programs as well as the amount of required work for executing programs. Analyzing these calculi and
providing tools for proving transformations correct and/or to be optimizations is cumbersome, since sharing
complicates reasoning, but it is worth the effort.

There are several works on analyzing and proving correctness of program transformations (e.g. [11},[7,24]).
However, there seems to be much less research on whether the (correct) program transformations are also
optimizations — i.e. while preserving the meaning of the programs they also do not increase the runtime
or the space behavior of the programs. Having such results is for instance useful in automated tools for
program transformation like Hermit [25] and in general for optimizing compilers.
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A theory of optimizations or improvements in extended lambda calculi was developed in [I0] for an
untyped higher-order language with call-by-need evaluation, and for a call-by-value variant in [16]. In [I0]
the resource model counts the steps of an abstract machine for call-by-need evaluation which is a variant
of Sestoft’s abstract machine [26]. The work of Moran and Sands [I0] provides a foundation for program
improvements which leads to several results exhibiting program transformations that are improvements and
also provides techniques for showing program transformations being improvements. Moran and Sands also
remark in [I0] that the reductions used in any context (a form of partial evaluation) are improvements,
but the efficiency gain has a limit: it is at most polynomial. A detailed analysis on this topic can be
found in the work of Gustavsson and Sands [4] for a call-by-value lambda calculus. Clearly, other program
transformations (which are not calculus reductions) have a higher potential to improve efficiency. One such
rule is common subexpression elimination which identifies equal subexpressions of the program and replaces
them by references to a single copy of the subexpression. As a small (artificial) example with an exponential
speedup, consider the (inefficient) definition of the following tree-recursive function treeRec in Haskell:

treeRec x = if x == 0 then 1 else treeRec (x-1) + treeRec (x-1)

Evaluation of treeRec n requires O(2") reduction steps. Applying common subexpression elimination for
the two occurrences of treeRec (x-1) results in the definition

treeRec x = if x == 0 then 1 else let y = treeRec (x-1) iny + y

for which the evaluation of treeRec n only requires O(n) reduction steps.

Common subexpression elimination is treated in [I0], but not proved to be an improvement (but it is
conjectured).

Recently, Hackett and Hutton [5] rediscovered the improvement theory of [10] to argue that optimizations
are indeed improvements, with a particular focus on worker/wrapper transformations (see for instance [2]
for more examples). The work of [5] is based on the call-by-need abstract machine of [I0] with a slightly
modified measure for the improvement relation.

Goals and Results. The so-called LR-calculus (an extended lambda calculus with letrec) — introduced in
[24] - is an extended higher-order lambda calculus which models the core language of Haskell. It extends
the lambda calculus with letrec-expressions (to express recursive and shared-bindings), data constructors
and case-expressions (which act as selectors), and Haskell’s seq-operator. The operational semantics of the
LR-calculus is a small-step call-by-need evaluation. The goal of this paper is to develop an improvement
theory for the LR-calculus.

Differences to the work of Moran and Sands are (i) that the LR-calculus uses a small-step operational
semantics expressed by rewriting rules and a strategy, (i) that LR does not restrict the syntax of arguments
(of applications) to be variables (i.e. in LR arbitrary expressions are allowed as arguments), and (iii) that it
includes the seq-operator for strict evaluation of expressions which is indispensable to model the semantics
of Haskell (see e.g. [7, [I7]).

We use previous results and techniques for the LR-calculus to establish new improvement laws, in par-
ticular we show that common subexpression elimination is an improvement. Here we can build upon a
detailed analysis of reduction lengths (performed in [24] in the context of a strictness analysis); the method
of using diagrams to compute and join overlaps between reductions and transformations which we developed
and applied in several works [8, [24] [T4] [T5] to show correctness of program transformations; and correct-
ness of inlining (or common subexpression elimination) via infinite expressions (to unfold and remove the
letrec-expressions) established in [23]. We prefer analyzing reductions in LR, due to the success of the
diagram method in LR. For example, the letrec calculus mentioned in [1] is related, but does not model
case, constructors nor seq, and its deref rule complicates diagram proofs.

Since our improvement relation is different from [I0] (it uses a different measure and operational seman-
tics), we compare our measures with those in [I0, [5]. The result is that our improvement theory can be
transferred to the abstract machine of [I0] using our measure, and that our calculus and Moran and Sand’s
calculus together with their measures are equivalent w.r.t. resources.
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Analyzing untyped calculi covers a large amount of program transformations, however, sometimes typ-
ing arguments are required for showing that interesting program transformations are improvements (see
e.g. [5]). Due to cyclic bindings, using monomorphic typing and monomorphising a polymorphic calculus
is insufficient. Hence we adapt ideas from system-F polymorphism [3| 2], in particular from an interme-
diate language in a Haskell compiler [9, 27], and extend our improvement theory for the calculus LRP — a
polymorphically typed variant of LR with let-polymorphism.

Since the type erasure of reduction sequences in LRP exactly leads to the untyped reduction sequences
in LR, the connection between the untyped and the typed calculi is quite close and indeed it is rather simple
to transfer the results and the techniques from LR into LRP. As a further application of our improvement
theory for the typed setting, we consider a transformation (called (caseld)), which is type-dependent, i.e.
the transformation is only correct in LRP, but incorrect in the untyped calculus LR. We show that our
methods are applicable for (caseld) and show that the transformation is indeed an improvement.

Outline. In Sect. [2] we recall the untyped calculus LR, and in Sect. [3] we introduce improvement for LR and
prove a context lemma. In Sect. 4| we show that common subexpression elimination is an improvement. In
Sect. [5| we compare our length measure with the measures used by Moran and Sands’ improvement theory.
In Sect. [6] we consider the polymorphically typed variant of LR. We conclude in Sect. [7}

This paper is an extended version of [20] with the following additions and differences: The reduction
measures rln (for the calculus) and mln for the abstract machine are parametrized, and thus all claims are
generalized and re-proved. This extension to different length measures provides finer grained information
on the complexity of functions. Furthermore, the analysis and comparison on (Ill), (gc), (cpazx)-normalized
expressions in Sect. is new. Also discussion on complexity of functions in Sect. w.r.t. several
measures is added compared to [20]. Finally, improvement results for the polymorphically typed calculus
LRP in Section 6 are new.

2. The Call-by-Need Lambda Calculus LR

We recall the calculus LR [24], which is an untyped call-by-need lambda calculus that extends the lambda
calculus by recursive letrec, data constructors, case-expressions, and the seg-operator. We recall results
from previous investigations: from [24] we reuse a counting theorem for reduction lengths and correctness
of several program transformations. From [23] we reuse correctness of copying arbitrary expressions.

We employ the syntax of the calculus LR [24]. Let Var be a countable infinite set of variables. We
assume that there is a fixed set of type constructors K, where every type constructor K € K has an arity
ar(K) > 0, and there is a finite, non-empty set Dx = {ck 1, ... ,cK,‘DK‘} of data constructors. Every data
constructor has an arity ar(cg,;) > 0.

Example 2.1. K may include the 0-ary type constructor Bool and the I-ary type constructor List with
Dgoo1 = {True,False}, Dyist = {Nil,Cons}, ar(True) = ar(False) = ar(Nil) =0, and ar(Cons) = 2.

The syntax of expressions r,s,t € Ezpr of LR is defined in Fig. We write FV(s) for the set of
free variables of an expression s. Besides variables x, abstractions Ax.s, and applications (s t) the syn-
tax of LR comprises the following constructs: Constructor applications (ki $1-..Sar(cx.,)) always oc-
cur fully saturated. In our meta-notation we sometimes omit the index of the constructor or use vec-
tor notation and thus write for instance (¢s) instead of (cx; 1. - Sar(cx.))- In a letrec-expression
letrec 1 = S1,...,T, = S, in t all variables z1,..., 2, must be pairwise distinct, the scope of xz; is
all s; and ¢t. The bindings 1 = s1,...,2, = s, are called the letrec-environment and ¢ is called the
in-expression. Sometimes the environment or parts of it are abbreviated by Env (for instance, we write
letrec Env in s or letrec Envi, Envy in s). For a letrec-environment Env = {z1 = t1,...,2, = t,},
we define LV (Env) = {x1,...,2,} and sometimes write {x; = t;}}"; as abbreviation for such an en-
vironment. For a chain of variable-to-variable bindings z; = z;-1,%;41 = %j,...,%m = Tm_1 We USe
the abbreviation {z; = z;—1}{2,;. A seq-expression (seq s t) can be used for strict evaluation of expres-
sions, since the expression s must be successfully evaluated before t is evaluated. For every K € K there
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r,s,t € Bxpri=x | Ax.s | (st) | (cki 81 -+ Sar(ex,)) | (Letrec z1 = s1,...,

(s —
(letrec Env in s) —
(letrec x = s, Env in C[z'?]) —
(letrec x = s,y = Cla®], Env in t) —
(letrec x = s,y = 2P, Env in t) —
(seq s t) —
(case s of alts

ZTp = S, int) | (seq s t)
I (caseK S (CKJ T1---Tar(ex.1) -> tl) R (CK,\DK\ X .. ..Z'mﬁ(CK)‘DK‘) _>t\DK\))

Figure 1: Expressions of the language LR where x,z; € Var are term variables

)sub\/top

subVtop
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top letrec Env in s%P)Vis
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seq s°° t)
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letrec x = sVsVrontarg o — C[x"%] Fno in t — Fail
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( |

(letrec = = s°°, Env in C[2"¥])

(letrec x = 5P y = C[2"], Env in t), if C # []
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letrec z = s%P y = x"°""8 Eny in t)

Figure 2: Computing reduction positions using labels (see Definition [2.4]), where a V b means label a or label b. The algorithm
does not overwrite non-displayed labels.
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— letrec 1 =
letrec z;
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=c{x; =2,-1}",, Env in C[t], if ar( )=0
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= (C?)SUb, {x;i =z 1}y, u=Clcasex z¥5...(cZ ->r1)...
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where ar(c) > 1 and y; are fresh variables

letrec z1 = ¢ {z; = x;_1}™,,u = Clcasex z¥°...(c->r1)...], Env in ro
— letrec 21 = ¢, {z; = x4—1}"5...,u = C[r1], Env in rq, if ar(c) =0

Figure 3: Reduction rules

in 7], Env in ro



is a case-expression (casex s (Ck,1 1...Tar(ex) ~>t1) -+ (CK,|Dg| 21+ - Tar(ex pr) = tiDg|)) With ex-
actly one case-alternative ((Cx i T1 ... Tar(cx,)) =>t:) for every data constructor cx ; € Dg. The variables
T1, .., Tap(eg,) 0 the case-pattern ((cxi 1 ... Tap(ey,)) =>ti) must be pairwise distinct and the scope of
the variables 1, ..., Z4r(cy,,) 18 the expression ¢;. We sometimes use the meta-symbol alts to abbreviate the

case-alternatives and thus write (casex s alts).

Example 2.2. The case-expression casepy1 $1 (True ->s2) (False ->s3) corresponds to the conditional
if s; then so else s3. The function map which maps a function to all elements of a list can be defined as
letrec map = \f,xs.caserjsy s (Nil ->Nil) (Consyys ->Cons (f y) (map f ys))in map.

Definition 2.3. A context C' is an expression with a hole (denoted by [-]) at expression position. Surface
contexts S are contexts where the hole is not in an abstraction, top contexts T are surface contexts where
the hole is not in an alternative of a case, and weak top contexts are top contexts where the hole is not in
a letrec-expression. With C[s| we denote the substitution of the hole in the context C' by expression s. A
multicontext M is an expression with zero or more (different) holes at expression positions.

We assume the convention that bound variables are only introduced once in expressions, and that these
are different from free variables, which can always be achieved by renaming bound variables. We assume that
reduction rules and transformations are followed by a renaming to fulfill this distinct variable convention. In
our meta-notations we assume that variable names that appear twice are the same object, if not mentioned
otherwise. For instance, the notation (letrec z = s, Env in C[2°*"]) assumes that C' does not capture z in
its hole.

2.1. Normal Order Reduction

A walue in LR is an abstraction Az.s or a constructor application (c?) The reduction rules of LR are
defined in Fig. [3] where the role of the labels sub, top, vis, nontarg will be explained below in Definition
The rule (Ibeta) is the sharing variant of classical S-reduction. The rules (cp-in) and (cp-e) copy
abstractions. The rules (llet-in) and (llet-e) join two letrec-environments. The rules (lapp), (lcase), and
(Iseq) float-out a letrec from the first argument of an application, a case-, or a seg-expression. The rules
(seq-c), (seq-in), and (seq-e) evaluate a seq-expression, provided that the first argument is a value (or a
variable that is bound (via indirections) to a constructor application). The rules (case-c), (case-in), and
(case-e) evaluate a case-expression provided that the first argument is (or is a variable which is bound to)
a constructor application of the right type.

The normal order reduction strategy of the calculus LR is a call-by-need strategy. It applies the reduction
rules at specific positions which will be defined by an algorithm to find the position of a redexﬂ

Definition 2.4 (Labeling Algorithm). The labeling algorithm detects the position to which a reduction rule
will be applied according to normal order. It uses the labels top,sub,vis,nontarg where top means reduction of
the top term, sub means reduction of a subterm, vis marks already visited subexpressions, and nontarg marks
visited variables that are not target of a (cp)-reduction. For a term s the labeling algorithm starts with s*P,
where no other subexpression in s is labeled and proceeds by applying the rules given in Fig. [] exhaustively.

Note that the labeling algorithm does not descend into sub-labeled letrec-expressions. If the labeling
algorithm does not fail, then a potential normal order redex is found, which can only be a superterm of the
sub-marked subexpression. However, it is possible that there is no normal order reduction, if the evaluation
is already finished, or no rule is applicable.

2This is equivalent to a syntactic definition of reduction contexts (using a context free grammar) which can be found for the
calculus LR in [24]. In this paper we decided to use the definition based on the labeling algorithm, since the syntactic description
using reduction contexts is quite complex, for instance, for rule (no,cp-e) the shape of the reduced expression is in general of
the form letrec z1 = A\z.s, 22 = Z1,...,Zm = Tm — 1,y1 = A1[zm],y2 = A2[y1],.-.yn — 1 = Ap_1[yn—2], Env in Ap[yn] where
A; are reduction contexts without letrec, defined by the grammar A ::= []|(A s)|caser A alts) | seq A s and context A, is
non-empty.



(gcl) letrec {z; = s;};, Fnv in t — letrec Env in ¢, if for all i : x; & FV (¢, Env)

(gc2) letrec {z; = s;}]- int — ¢, ifforalli:z; & FV(t)

(cpx-in) letrec x =y, Fnv in Clx] — letrec x =y, Env in Cly|, if x £y € Var

(cpx-e) letrec z =y,z = Clz]|,Env int — letrec x = y,z = C[y], Env in t, if x £ y € Var

(cpax) letrec z =y, Env in s — letrec x =y, Env[y/x] in sly/x], if ¢ £y € Var, y € FV (s, Env)

(cpex-in) letrec x = c?, Env in Clz] — letrec z = ¢/, {y; = ti}fi(lc), Env in ClcY]

cpex-e) letrec x = c?,z = Clz], Env int — letrec z =cy,{y; = t; ‘Z(C),z =C|cy], Env in t
=1

(abs) letrec z = c?, Env in s — letrec & = ¢, {x; = ti}fl(lc), Env in s, where ar(c) > 1

(abse) (c?) — letrec {z; = ti}iai(f) in ¢7’, where ar(c) > 1

(xch) letrec x =t,y = x, Env inr — letrecy =t,x =y, Env in r

(ucpl)  letrec Env,x =t in S[z| — letrec Env in S[t]

(ucp2)  letrec Env,x =t,y = S[z] in r — letrec Env,y = S[t] in r

(ucp3) letrec z =t in S[z] — S]]

where in the (ucp)-rules, x has at most one occurrence in S[z| and

no occurrence in Env,t,r; and S is a surface context

Figure 4: Extra transformation rules

Definition 2.5 (Normal Order Reduction of LR). Let t be an expression. Then a single normal order
reduction step t — t' is defined by first applying the labeling algorithm to t, and if the labeling algorithm
terminates successfully, then one of the rules in Fig.[3 has to be applied, if possible, where the labels sub, vis
must match the labels in the expression t (t may have more labels), and t’ is the result after erasing all labels.

Example 2.6. For (letrec w=Ar.z,y=w,z=(y y) in z), the labeling algorithm successfully ends with
(letrec w=(\r.7)%"P, y=w"o"2e z=(yVis y))Vis in 2V)Vis, Only the rule (cp-e) matches the subexpressions and
the labels, i.e. (letrec w=Az.z,y=w,z=(y y) in z) ~> (letrec w=Ar.z,y=w,z=((A\z’.2') y) in 2)
where the a-renaming is performed implicitly to fulfill the distinct variable convention. Note that the label
nontarg at w prevents the normal order reduction to copy the sub-labeled abstraction into this position.

For letrec x=(y y),y=x in y the labeling fails and thus the expression has no normal order reduc-
tion. For (Cons True Nil) (A\z.z), the labeling terminates with ((Cons True Nil)*® (Az.z))V'® and also for
letrec x = True in x, the labeling ends successful with (letrec x = True™? in 2V)Vs. However, for both
expressions no normal order reduction is applicable (since the labels do not match the reduction rules). The
former expression is irreducible, since it has a “dynamic type error”. The latter expression is irreducible
since it is successfully evaluated, i.e. it is a weak head normal form (see Definition @)

By a case analysis one can verify that normal order reduction is unique, i.e. for an expression ¢ either no

normal order reduction is possible, or there is a unique expression # (up-to a-equivalence) s.t. t —— t'.

. . . . . no,lbeta
We sometimes attach more information to the reduction arrow, for instance ——— denotes a normal

order reduction using rule (Ibeta). For a binary relation —, we write 2 for the transitive closure, and ~
for the reflexive-transitive closure of —. E.g., 227, denotes the reflexive-transitive closure of ~%. We write

. Y . . Vb, .
2 for exactly n —-steps and we write ~——% for either n or m steps. The notation = is also used for a

. . . . no,lbetaVno,lapp,0vV1
and b being rule names, meaning the union of the rules a and b. For instance, means

one or none normal order reduction step using rule (Ibeta) or rule (lapp). For two binary relations —1, —o,
we write —7 . —2 for their composition, that is —1 . —9 := {(s1,53) | s1 =1 $2 A S2 —2 S3}.
We define reduction contexts and weak reduction contexts:

Definition 2.7. A reduction context R is any context, such that its hole will be labeled with sub or top by
the labeling algorithm in Fig. @ A weak reduction context, R™, is a reduction context, where the hole is not
within a letrec-expression.

Clearly, every reduction context is also a top context, and thus also a surface context.
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Definition 2.8. An expression s is a weak head normal form (WHNF), if s is a value, or s is of the form
letrec Env in v, where v is a value, or s is of the form letrec x1 = (ct'),{x; = x;_1}"5, Env in x,.

By inspecting the labeling algorithm and the reduction rules one can verify that every WHNF is irre-
ducible w.r.t. normal order reduction. As usual for lazy functional programming languages, we consider
WHNFs as successfully evaluated programs and define the notion or convergence accordingly:

Definition 2.9. An expression s converges, denoted as sl, iff there exists a WHNF' t s.t. s 29% ¢ This
may also be denoted as s | t. We write sT iff sl does not hold.

2.2. Program Transformations

A program transformation P is a binary relation on expressions. We write s Ei t,if (s,t) € P. For a set
of contexts X and a transformation P, the transformation (X, P) is the closure of P w.r.t. the contexts in
X, ie. C[s] RSN Cit]iff C € X and s It

Ignoring the label, the reduction rules in Fig. [3] are also program transformations. In Fig. [] additional
program transformations are defined. The transformation (gc¢) performs garbage collection by removing
unused letrec-environments, and (cpx), (cpax) copy variables, and can be used to shorten chains of indi-
rections. The transformation (cpcx) copies a constructor application into a referenced position, where the
arguments are shared by new letrec-bindings. Similarly, (abs) and (abse) perform this sharing without
copying the constructor application. The transformation (ucp) means “unique copying” and it inlines a
shared expression which is referenced only once.

Definition 2.10. We define unions for the rules in Fig. [§: (case) is the union of (case-c), (case-in),
(case-¢); (seq) is the union of (seg-c), (seq-in), (seg-e); (cp) is the union of (cp-in), (cp-e); (llet) is the
union of (llet-in), (llet-e); and (lll) is the union of (llet), (lapp), (lcase), and (Iseq).

We use the following unions for the transformations in Fig. : (gc) is the union of (gc1) and (gc2);
(cpz) is the union of (cpx-in) and (cpz-€); (cpcx) is the union of (cpex-in) and (cpex-e); and (ucp) is the
union of (ucpl), (ucp2), and (ucp3).

no,llet

We use the unions of the rules also for normal order reduction and for instance write ———— for
no,llet—inVno,llet—e

2.8. Contextual Equivalence

As program equivalence we use contextual equivalence which equates two expressions if exchanging
one program by the other program in any surrounding program context does not change the termination
behavior. Due to the quantification over all contexts, it is sufficient to observe convergence.

Definition 2.11. Let s,t be two LR-expressions. We define contextual equivalence ~. w.r.t. the operational
semantics of LR: Let s ~. t, iff for all contexts C[]: C[s|{ < C[t||.

Contextual equivalence is a congruence, i.e. it is an equivalence relation which is compatible with con-
texts. Usually, proving two expressions to be contextually equivalent is difficult, since all contexts have
to be taken into account. In contrast, disproving an equivalence is often easy, since a single counter-
example is sufficient. E.g., the constants True and False are not contextually equivalent, since the context
casepoo1 [-] (True -> True) (False ->(Q) distinguishes them; where 2 is a divergent expression, for instance
Q=zzz) (M\yyy).

Definition 2.12. A program transformation P is correct, if it preserves contextual equivalence, i.e. P C ~.
In [24] we proved that all introduced transformations are correct:

Proposition 2.13 ([24]). The program transformations (lbeta), (case), (seq), (cp), (1ll), (gc), (cpx), (cpaz),
(cpcx), (abs), (abse), (xch), and (ucp) are correct.



3. Improvement in the LR-Calculus

While contextual equivalence is a correctness criterion for program transformations, it has no require-
ments on the transformation being an optimization w.r.t. time (or space) complexity of a program. This
is where the improvement relation comes into play and restricts contextual equivalence of s and ¢ by the
additional requirement that s may be replaced by ¢ (within a program) if the number of computation steps
for successfully evaluating the whole program is not increased. We define measures for estimating the time
consumption: on the one hand we count all reduction steps, on the other hand we count essential reduction
steps where we use a generic approach and leave some freedom in the choice of which steps are counted:

Definition 3.1. In the following let A := {(lbeta), (case), (seq)} and ) # A C 2. Lett be a closed expression
with t}tg. Then rlnx(t) is the number of a-reductions with a € A in the normal order reduction tlty. With
rlnall(t) we denote the number of all reductions in tlty. The measures are defined as 0o, if tT, since we
are only interested in values on converging expressions.

Similarly, we apply the measures to reduction sequences t — t'.

The restriction of counting mainly reductions in 2 can be justified as follows: The (cp)-reductions are
not counted, since the number of (cp)-reductions of an expression ¢ is at most 2-rlng(¢) + 1: every (no,cp)-
is followed by an (no,lbeta)- or an (no,seq)-reduction, or it is the last reduction.

Also (llI)-reductions are not counted, since these can be more efficiently implemented on abstract ma-
chines, often more efficient than in the calculus model, by floating environments to the top in one step
instead of doing it step-by-step. A further deviation from real run-time is the size of the abstractions, which
are duplicated in a (cp)-reduction. Also the search for a redex (modeled by our labeling algorithm) is not
counted by our measures (which is different from [I0]). If the computation is long compared to the size of
the expression, then the sizes of abstractions can be considered as constant. In particular, in call-by-need
computation, the size of abstractions cannot be increased. This alleviates the error made by not counting
the size (see also Theorem [5.21)).

Using measures with A # 21 has two motivations: On the one hand we get more exact information,
and on the other hand, we can show an improvement relation also for variations of the measure like a; -
Tlnjpeta} + 02 " T1hfcqse) + @3 - T10feq) With a; > 0.

We analyze the relative number of (Ibeta)-reductions w.r.t. other reductions in 2. First we define the
size of an expression:

Definition 3.2. For an LR-expression s, its size size(s) is defined as

size(x) = 1, ifee Var
size(Az.s) = 1+ size(s)
size(s t) = 14 size(s) + size(t)
size(seq s t) = 14 size(s) + size(t)
size(letrec 1 = 81...,2T, = S, in Sp) = 143 size(s;)

i=0

ar(K)
size(caser t (pat; =>s1). .. (patar(K) —>sar(K))) = 1+size(t)+ Y. (size(pat;) + size(s;))
i=0

ar(ck,i)

size(Ck,i 51 -+ Sar(cx.)) = 14+ > size(s;)
i=1

Proposition 3.3. Let s be a closed expression. Then ring(s) < (size(s) + 1) (rlngpera}(s) +1).

Proof. Tt suffices to assume that s/, since otherwise the claim obviously holds. So suppose s 2%% t where ¢
is a WHNF. For every (cp)-reduction in this sequence exactly one of the following properties holds: i) The
(cp)-reduction is the last reduction in the sequence. ii) The (cp)-reduction is followed by a (seq)-reduction
(which removes the copied abstraction). iii) The (cp)-reduction is followed by an (lbeta)-reduction (which
uses the copied abstraction in function position). Let us conflate these reductions, i.e. we write (cpseq) for

8



a (cp)-reduction followed by (seq), (cplbeta) for a (cp)-reduction followed by (lbeta), and (cp WHNF') for a
(cp)-reduction as a last reduction in a normal order reduction to a WHNF. Let size,; be the size of an
expression without counting indirections (x = y-bindings), i.e. size,;(s) = size(s) — indirections(s), where
indirections(s) is the number of letrec-bindings x = y in s where y is a variable.

Then all the reduction rules of LR different from (cplbeta) and (¢p WHNF') do not increase the sizey,,
and the reduction rules (case), (seq), and (cpseq) strictly decrease size,;.

Thus to estimate the number of (case)-, (seq)- and (cpseq)-reductions it is sufficient to determine the
initial size of the expression and the size increase of (cplbeta)-reductions.

In the reduction sequence s —=5 ¢, a single (cplbeta)-reduction increases the size,,; at most by size(s).
Thus the overall size which can be used by (seq), (cpseq), and (case) is (14+number of (cplbeta)) - (size(s))
(the size increase of (cp WHNF') cannot be used by (seq), (cpseq), or (case)).

The number of (cplbeta)-reductions in s 29" ¢ is at most r1ngpera} (s). Hence rlng(s) is at most
r1ngperq} (5) plus size(s) - (rlngperq)(s) + 1), which is at most (size(s) + 1) - (rlngpeqy(s) + 1). O

Remark 3.4. Note that there are normal-order reduction sequences with an arbitrary number of (lbeta)-
reductions, but without any (case)- or (seq)-reductions, hence Proposition 3.3 is not valid for {case}, {seq}
or {case, seq} instead of {lbeta}.

As a concrete example, let us consider the following expressions tp, for n > 0 defined by t,, := letrec {z; =
AY.((xi-1 ®o) (i1 x0)) g, o = Az.z in (z, o). Evaluation of t, requires 3-2™ —2 (no,lbeta)-reductions,
but neither any (no,seq)- nor (no,case)-reduction. The size of t,, is size(t,) = 8-n+6. Thus, for any set A
with () # A C {case, seq}, in particular rlngperqy = ring (t,) = 3-2" —2 > (size(t,) +1)- (rlna(t,) +1) =
8-n+7 for all n > 3, and furthermore, for any polynomial poly: rlng(t,) > poly(size(t,),rlna(t,)) for
all m > ng for some ng.

We present results from [24], 22] w.r.t. reduction lengths of the transformations in Figs. [3| and [4] which
are slightly more general, and can be derived from these papers.

Theorem 3.5 ([24]). Let t be a closed LR-expression s.t. t}tg.

1. Ift S8 and a € {case, seq, lbeta}, then for all A: rlny(t) > rlna(¢') and rlnall(t) > rlnall(t’).

2. Ift Cop, t', then for all A: rlna(t) = rlng(t').

3. Ift 24y and a € {case, seq, lbeta}, then for all A: tlny(t) > rlns(t') > rlng(t) — 1 if a € A, and
otherwise, if a & A, then rlna(t) = rlna(t').

4. If t S8t and a € {lll, gc}, then for all A: rlny(t) = rlnx(t') and rlnall(t) > rlnall(t’). For
a = gcl the equation rlnall(t) = rlnall(t’) holds.

5. If t Sy and a e {epx, cpax, xch, cpcx, abs}, then for all A: rlnx(t) = rlna(t) and rlnall(t) =

rlnall(t’).

6. Ift <ULy ¢! then for all A: rlna(t) = rlna(t)) and rlnall(t) > rlnall(t).

3.1. The Improvement Relation

The improvement relation relates only contextual equivalent expressions and requires that the reduction
length rln,(-) is not increased:

Definition 3.6 (Improvement Relation). For s,t € Expr, A C A, let s <4 t (t is A-improved by s), iff
s ~¢ t and for all contexts C[] s.t. C[s], C[t] are closed: rlny(C[s]) < rlna(C[t]). We write t =4 s if
s34t holds. If s <4t and s =4 t, we write s =4 t.

A program transformation P is an A-improvement iff P C > 4.

Remark 3.7. In practical applications of improvements (e.g. if they are applied for program optimization),
those improvements are interesting which strictly decrease the number of computations steps when they are
applied. However, for the definition of the improvement relation it is not useful to replace “rln(C[s]) <
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tln, (C[t]) 7 by rlna(Cls]) < rlna(Clt]): such a definition would be empty, since there are contexts C' where
the evaluation of Cr] ignores the position of r. Thus, those contexts would refute the modified improvement
property. Also an additional requirement of the existence of at least one context C' s.t. rlna(Cls]) <
rlna(Ct]) is not helpful, since then the improvement relation would no longer be a congruence (using the
same arguments as before).

Let £ € {<,=, >} be arelation on non-negative integers. For a class of contexts XE|, ACU let s>g x4t
iff s ~. t and for all X-contexts X, s.t. X[s], X[t] are closed: rlng(X[s]) £ rlns(X[t]). In particular,
instantiating ><i¢ x 4 with all contexts gives the already introduced improvement relations, i.e. << ¢, 4 = =4,
X> A= EA, and XM= c,A ==A.

The context lemma for improvement shows that it suffices to take reduction contexts into account for
proving improvement. Its proof uses a generalized claim with multicontexts and it is similar to the ones for
context lemmas for contextual equivalence in call-by-need lambda calculi (see [24] [I]]).

Lemma 3.8 (Context Lemma for Improvement). Let s,t be expressions, £ € {<,=,>}, and A C 2. Then
S DX R A t(OT’S DI 1,4 t, O S Xes A t) iff s D o4 T

Proof. Tt suffices to consider the case for reduction contexts, since reduction contexts are also T- or S-
contexts and thus if the context lemma holds for m<i¢ g 4 then it also holds for ¢ 7 4 or >g g 4. One
direction of the claim is trivial. For the other direction we prove a more general claim:

For alln > 0 and for all i = 1,...,n let s;,t; be expressions with s; ~. t; and s; >X¢ g A t;.
Then for all multicontexts M with n holes such that M[sy,...,s,] and Mlt1,...,t,] are closed:
rlna(M[s1,...,8n]) € tlna(M[t1, ..., ts]).

The proof is by induction on the pair (k, k') where k is the number of normal order reductions of M|[sy, ..., s,]
to a WHNF, and £’ is the number of holes of M. If M (without holes) is a WHNF, then the claim holds
If M[s1,...,8,] is a WHNF, and no hole is in a reduction context, then also M|ty ...,t,] is a WHNF and
tlng(M[s1,...,8,]) =0=1lna(M[t1,...,ts]).

If in MJs1,...,s,] one s; is in a reduction context, then one hole, say i, of M is in a reduction
context and M[ty,...,ti—1,",tix1,...,ts] is a reduction context. Applying the induction hypothesis to
the multicontext M]... -, s;, -,...] (with n — 1 holes) shows rlns(M(s1,...,8i—1, Si,Sit1,---,Sn]) &
tlng(Mlty, ..., ti—1, Siytit1,-.-,tn]), and the assumption shows rlng(M[t, ..., ti—1, Siytit1,---stn)) &
tlng(Mt1, ... ti—1,ti tit1, -« -, tn)), and hence rlna(M[s1,...,8,]) & rlna(Mlt1,...,tn]).

Ifin M(sq,..., S,] there is no s; in a reduction context, then the first normal order reduction is of the form
Mls1,..., 8] m) M'[s},...,s,,], and it may copy or shift some of the s; where s/ = p(s;) for some variable

permutatlon p. However, the reguctlon type is the same for the first step of M[sy,...,s,] and M[t1,..., ],
e Mlty,... tn] =% M'[t,,... t',] with (s5,15) = (p(s:), p(ti)). We take for granted that the renaming
can be carried through. The rlny(.)-contribution of both 222, reduction steps is either m = 0 or m = 1,
depending on a. We can apply the induction hypothesis to M'[s},..., s, ] and M[t},...,t,.,], and thus
rlng(M[s1,...,8n]) = (m+rlng(M'[s],...,s0]) € (m+rlna(M'[t}, ..., t.]) = rlna(M[t1,...,t,]). O

’"n

3.2. Proof Technique

We explain our proof technique for proving that a program transformation is an improvement. The
method is similar to the diagram-based technique used to show correctness of program transformations (see

e.g. [24]). Let L, be a correct program transformation. Due to the context lemma for improvement, it
suffices to prove £, C > x.4 (where X is instantiated with an appropriate set of contexts, i.e. reduction
contexts R, top-contexts T, surface contexts S) to conclude i) C 4. To ease notation we will show

this claim by proving that for all s,¢ with s 2Py the inequation rln4(s) > rlna(t) holds, i.e. we use

3We will instantiate X with all contexts C; all reduction contexts R; all surface contexts S; or all top-contexts T
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.S,cp S,cp S,cp

I S

no,a ‘TLO(L no,a // no,c "I’LOC

i vy ’i;/no,a ’pi v
s . .

novis,cp no,a I no,a

al o
—_— e > — — >
noViS,cp  iS,cp

a € {(lbeta), (case), (seq), (1)} a € {(lbeta), (case), (seq)} a € {(lbeta), (seq)}

(1) (2) 3)

Figure 6: Forking diagrams for (iS,cp)

the closure of 25 w.r.t. X-contexts. If rlny(s) = oo, then s ~. ¢ implies that rlns(t) = oo must also
hold. Thus, the remaining case is that s|. Given the normal order reduction sequence from s to a WHNF,
we construct a converging normal order reduction sequence for ¢ and use this construction to prove that
rlna(s) > rlny(t) holds. For the construction of the reduction sequence, we use so-called sets of forking

. . X,P » . . .
diagrams for the transformation —— and often also additional forking diagrams for other transformations.
These diagrams are then used in an inductive proof to construct the normal order reduction sequence for ¢,
where often specific induction measures are required (if the diagrams are sufficiently complex).

A forking diagram describes how an overlap (a fork) of the form s’ Lot o 2P 4 can be closed

no

1 ] P/v* 7+ P,
by a sequence of reductions and transformations of the form s’ —— t, where — are program

. . X,P . . . .
transformations, for instance ——, but it maybe also another transformation. A forking diagram abstracts

from the concrete terms and thus it is written as depicted in Fig. [5| where often X,P

the reductions and transformations are more concrete (i.e. which rule of a normal T |
order reduction is used). Sometimes also meta-terms are used to represent the no,—i—l | no,+
expressions. The solid arrows are the given reductions (the fork) and the dashed v )Y
arrows are the existentially quantified reductions. A set of forking diagrams is P’

. X,P. . . . .
complete for transformation ——, if the set contains an applicable diagram for  Figure 5: Forking diagram
no,+ X

every fork s’ +—— s XP, t, where a diagram is applicable if the reductions and transformations concretely
exist. A complete set of forking diagrams is obtained by a case analysis which considers all overlaps of a
transformation and a normal order reduction. This usually is a tedious task, and thus we do not include
the case analyses in this paper, but they can be found in the technical report [22] or in [24].

It s 25 ¢ and sl, ie. s =59 == --- 2% s, where s, is a WHNF, then a complete set of forking
diagrams can be used to construct a reduction sequence which witnesses ¢} and satisfies r1n4(s) > rlny(t):
A single forking diagram is applied for every step s; — s;+1 and one has to show hat the construction
terminates (usually using an inductive argument). If other transformations than 2Py oceur in the forking
diagrams, then usually also the corresponding sets of diagrams are required for the construction of the
reduction sequences.

Note that the same technique can also be used to show £> C < or also £> C ~.

3.3. Properties of (cp) and Other Transformations

We apply the diagram proof technique to prove properties of the (cp)-reduction using the diagrams in
[24]. The set of forking diagrams in Fig. |§| covers all cases of overlaps between a normal order reduction

and an “>%_transformation where iS means the closure of (cp) in surface contexts, but excluding (no,cp)
reductions. The diagrams are obtained from Lemmas B.8 and B.9 of the appendix of [24]. We use these
diagrams to prove the following theorem.

Theorem 3.9. Let t be closed s.t. t]. If t S Pt then tln,(t) = rlng(t).

Proof. We use the context lemma [3.8] for improvements for the relation ~ 4 and for surface contexts, i.e., we

. s,
show (cp) € = g 4 to derive = ¢ 4 = ~4. Let s be closed and s 2%y ¢!, We already know that s ~ .
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hence we can assume that s|, which implies s’|. We can also assume that the reduction is not normal order,
since in this case the claim is trivial.

We prove rlns(s) = rlna(s’) by induction on rlna(s) and then on the length of a normal order
reduction. If the length is 0, then s is a WHNF, and hence s’ is a WHNF.

If s 2% s, for a € A, then rlng(s;) = rlna(s) — 1. Either diagram or holds. In the former

case we can apply the induction hypothesis, and in the latter case the claim obviously holds. If s =22 s,

then there are two cases: s; is a WHNF. In this case it is easy to see that there is a WHNF sy with
; no,cp

—— $9, and the claim holds. The other case is that diagram is applicable. Then sy RELN So
and rlng(se2) = rlna(s) — 1. Hence we can apply the induction hypothesis twice, and obtain the claim.

Al . . . . . Al .
If s 222 s, then diagram applies, and by he induction hypothesis, we have s’ 227 sy, and since
rlny(s") = rlna(s1), we obtain rlna(s) = rlna(s’). O

Due to the exact analyses in [24] on the influence of the reduction rules (Fig. |3) and the additional
transformations (Fig. [4]) concerning the reduction lengths as stated in Theoremsand Propositionm
and Lemma [3.8] imply the following theorem:

Theorem 3.10. The transformations (case), (seq), (lbeta), (cp), (lll), (gc), (cpx), (cpax), (zch), (abs),
and (ucp) are A-improvements. Moreover, for b € {(cp), (1), (g9c), (cpx), (cpax), (zch), (abs), (ucp)} the
inclusion b C <4 and thus the inclusion b C ~4 holds.

4. Common Subexpression Elimination
In this section, we show the improvement property for common subexpression elimination (cse):

(cse) Mls,...,s] = letrec x = s in M|z, ..., x]
where z is a fresh variable and the multicontext M does not capture a variable in s

Although it seems to be obvious that (cse) is an improvement, its proof is not trivial, due to several reasons.
The calculus LR is call-by-need, which means that (parts of) computations can be shared. To the best of
our knowledge, we are only aware of a correctness proof of (cse) in a call-by-need calculus via a translation
into a call-by-name calculus on infinite trees [23], which cannot be used to analyze resource usage under
call-by-need. The improvement-property of (cse) was mentioned as a conjecture in [I0].

We describe the structure of our proof that (cse) C >4 holds for all A. As a first step, we consider the
general-copy rule (gep) which allows to inline an arbitrary expressiorﬂ

(gcp) letrec x = s in Clz] — letrecx =sin C[s].  (where C does not capture x nor a variable in s)

We will show that the inverse of (gep) (called (peg) by reversing the name “gep”) is an improvement (and
thus (gep) € <4). This result together with the result that garbage collection is invariant w.r.t. &4
(Theorem [3.10)) imply that (cse) is an improvement, since
. gep,* . gc

letrec £ = s in M|z, ..., 2] — letrec x = s in M|s,...,s] =— M]s,..., ] (4)
(where (gc) is applicable, since x is fresh for M and s) and thus (cse) C (=4 o & 4) which implies (cse) C =4,
since >~ 4 C &4 and since >~ 4 is a precongruence.

It remains to prove that the inverse of (gep) is an improvement.

4Note that x € FV(s) is permitted in (gcp).

12



Remark 4.1. The diagram based method fails to show correctness of (gep), since for proving that s Loep, t,

sl implies tl., diagrams of the shapes

T,gcp
s T,gcp
\‘Vno,a |
no,a . and no,al | no,a
no,a \
e — >
e T,gcp  T,gcp

T,gcp

occur. For the combination of both diagrams no induction proof is possible, since the diagrams can be used
to construct unbounded (but non-existing) reduction sequences for t from a given finite sequence for s.

Even though the diagram method fails for this problem, correctness of (gep) was recently shown in [23]
by another technique.

Using the correctness result we are able to prove that the transformation (pcg) — a slight extension of
the inverse of (gep) to letrec-environments — is an improvement by using a complete set of forking diagrams
for (T, pcg) and then applying the context lemma for improvement.

However, the forking diagrams for (T, pcg) (shown in Fig. |8) contain further transformations. They
include some additional transformations from Fig. [4] which are already analyzed w.r.t. their behavior on
reduction lengths, but also a further transformation, called (pcgE), which unions several variants of (pcg)
in environments. As already mentioned, this forces us to develop a complete set of forking diagrams also
for (T, pcgE). Luckily, these diagrams (shown in Fig. [7)) do not require new transformations and thus the
complete sets of forking diagrams for (T, pcg) and (T, pcgE) and the results on the additional transformations
are sufficient to establish that (pcg) is an improvement.

Definition 4.2. The transformation (pcgE) is the union of the following rules, where we assume that the
expression on the left hand sides fulfills the distinct variable convention, LV (Env) N FV(Env') = 0, and
there is a renaming of bound variables o : LV (Env') — LV (Env) s.t. for Env = {x1 = 81,...,2, = 8, } and
Env'a={x; =t1,...,0, =t,} the expressions s; and t; are alpha-equivalent for i =1,... n.

(pcgE1-in) letrec Env, Envs in Clletrec Env’, Envs in 7]

— letrec Env, Envy in C[letrec Fnvza in raj
(pcgEq-in) letrec Env, Envy in C[letrec Env’ in r] — letrec Env, Envs in C[ra]
(pcgE1-e) letrec Env, Envy,x = Clletrec Env’, Envz in 7] in s

— letrec Env, Enva,x = Clletrec Envsa in ra) in s
(pcgEg-e) letrec Env, Envy,z = C[letrec Env’ in r] — letrec Env, Envy,x = C[ra] in s
(pcgE3)  letrec Env, Env', Envs in r — letrec Env, Envza in ra

The transformation (pcg) is the union of the rules:

(pcg-in) letrec x = s, Fnv in C[s] — letrec x = s, Env in C[z]
(pcg-e) letrec z =s,Env,y =Cls] in r — letrec x = s, Env,y = C[z] in r

Note that the conditions on Env, Env’ preclude capturing variables, and furthermore several conflicts
cannot occur, like copying from Env into Env’, or binding chains that intersect both Env, Env’. Correctness
of the transformations (pcg) and (pcgFE) is a consequence of a result shown in [23]:

Proposition 4.3. The program transformations (pcg) and (pcgE) are correct.
Proof. In [23] the following result for LR was obtained:

For an expression s, its infinite tree IT(s) is derived by unfolding all letrec-bindings (and
removing the letrec). If IT(s) = IT(t) for expressions s,t (where = is syntactic equality
modulo a-equivalence on infinite trees), then s ~ t.
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pcgE

T,pcgE T,pcgE T.pcg by s——=t
§——=1t T,pcgE §—— >t 54>t -
| S ——= | no,a\b e
no,a¢/ yno,a 1 "O’”‘Et‘b yno,llet no,a\b Vno,a , 4 noa
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s — >t /T,pcgE S > > s — >s"— >t
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§— ¢ §——> ¢ S t
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T,pcgE T,pcgE Cl,abs T,pcgE C,case C, (cpz\/gp), T,pcgE
(10) (11) (12)

Figure 7: Forking diagrams for (pcgE)

Since s LLPeIE, implies IT(s) = IT(t), correctness of (pcg) and (pcgE) holds. O
We first prove that (pcgF) is an improvement in Proposition and thereafter we use this result in
Lemma and Theorem to show that (pcg) is an improvement.

Lemma 4.4. If s Lreg, o for a WHNF s, then either s' is a WHNF or s' =225 s where s is a WHNF.

Proposition 4.5. If s Lopegh, t, then for all A C A: rlna(s) > rlna(t) and rlnall(s) > rlnall(t).
Moreover, (pcgE) is an improvement, i.e. (pcgE) C x4 for all A.

Proof. Let s’ <% s LregBoy A1 possible overlappings (forks) can be joined by one of the diagrams in Fig.
(details are in [22]). By induction on rlnall(s) we show that rlnall(t) < rlnall(s)and rlna(t) < rln4(s).
If rlnall(s) = O then s is a WHNF, and ¢ must also be a WHNF and rlnall(t) = rlna(¢) = 0. If

rlnall(s) > 0, then let s — s

e For diagram , we can apply the induction hypothesis to s’ Tpegh, t', since rlnall(s’) = rlnall(s)—

1. This shows that rlnall(t) < rlnall(s) and rln(¢) < rlna(s).

e For diagram @, we apply the induction hypothesis to the transformation step s’ Tpe9B, 4 which
shows rlnall(t) < rlnall(s’) = rlnall(s) — 1 and rlna(t) < rlnu(s’) = rlna(s).

e For diagram (7)), we have rlnall(s) > rlnall(s’) and rlns(s) = rlni(s’). By Theorem

rlnall(s”) < rlnall(s’) and rlna(s”) < rlng(s’). We can apply the induction hypothesis to

i TP9P 41 hich shows rlnall(t’) < rlnall(s”) and rlna(¢') < rln(s”). This implies rlnall(t) <
rlnall(s) and also rln(t) < rlna(s).

e For diagram (), we have rlnall(s’) < rlnall(s) and rlns(s’) < rlna(s). Theorem shows that
rlnall(s”) < rlnall(s’) and rlna(s”) < rlna(s’). We apply the induction hypothesis to s’ 1 LpeoB, g
and have rlnall(#') < rlnall(s”) and rln(¢') < rlna(s”). Thisimplies both r1nall(t) < rlnall(s)

as well as rlng () < rlng(s).
e For diagram (@, obviously rlnall(s) = rlnall(t) and rlna(s) = rlna(¢) hold.

e For diagram (I0), we have rlnall(s’) < rlnall(s) and rlna(s) = rlns(s’). We apply the induction
hypothesis to s’ LpedB o and have rlnall(s”) < rlnall(s’) and rlnu(s”) < rlnu(s’). Applying
the induction hypothesis to s’ 1 DpeoB g yields rlnall(t’) < rlnall(s”) and rlna(¢”) < rlnu(s”).

Since t 2%, /| this shows rlnall(t) < rlnall(s) and rins(t) < rin(s).
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T,pcg T,pcg

T.peq no,cpi/ \‘Vno,cp no,cp¢ \l/no,cp T.peq
[ . . . T,pcg
no,a¢ \‘(no,a no,ail \llno,a no7a\b \‘Vno,a no,a¢ \‘Vno,a : H/h :
—_ — > . —_ > . — > . — e — > . — > —_ > — > . noa\L%/no’a
T,pcg T,pcg T,pcg,0V1 C,cp C,a T,pcg ,a,x T, pcg .
a # (ep) a € {lbeta, seq} a € {lbeta, seq} a # (ep a € {case, seq}
(13) (14) (15) (16) (17)
T,pcg . T,pcg . . T'\,pcg
no,llet¢ \‘Vno,llet no,case\l/ \"no case no,caseil \l/no,case
e > — > ——>—-—7 e = — e — — >
T,pcgE T,pcg C,U1,* T,pcg T,pcg C (cpm\/qc), T,case C,(cpxVgc),x T,pcg
(18) (19) (20)

Figure 8: Forking-diagrams for (pcg)

e For diagram (1)), we have rlnall(s’) < rlnall(s) and rlna(s) < rlna(s’). By Theorem

we have rlna(s”) < rlna(s’) and rlnall(s”) < rlnall(s’). Applying the induction hypothesis to

s ITPOP y vields rlnall(t) < rlnall(s”) and rlna(#) < rlna(s”) which shows rlnall(t) <

rlnall(s) and rlna(t) < rlnu(s).

na(s'). By Theorem [3.5] (1)), (@),

<r
). A plymg the induction hypothesis
< rlna(s”) which shows rlnall(t) <

e For diagram (12)), we have rlnall(s’) < rlnall(s) and rlna(s)
() we have rin(s”’) < rlna(s’) and rlnall(s”) = rlnall(s’
to s LB, g yields r1lnall(t’) < rlnall(s”) and rlny(t')
rlnall( ) and rlna(t) < rlng(s).

Since (pcgE) is correct (Proposition , Lemmashows (pcgE) C =. O

Lemma 4.6. For closed s with s —2<% s': rlnu(s) > rlna(s’) for all A.

Proof. Let s|, and s LPhy o Let 0 # A C 2 be arbitrary but fixed. We show rlny(s) > rlna(s’)
by induction on the measure (rlng(s),rlnall(s)), ordered lexicographically. For the base case rlng(s) =
rlnall(s) = 0, the expression s is a WHNF and Lemma [4.4] shows that rln,(s’) = 0.

For the induction step, Fig. shows the overlappings between normal order reduction-steps and a Lpeg,
transformation (for details see [22]). where the cases that the (T',pcg)-transformation is an inverse (C,cp)-

or (C,cpx)-transformation are not covered, since in these cases Theorem (), or Theorem show the
claim. We consider the remaining cases:

1. If s M t1, then diagram , , , , or of Fig.holds. The diagrams can
be summarized as follows where a € {case, seq, lbeta}:

T,pcg

5 s

!

no,a\L | no,a

Y

fm — sy — — sy — — — >l — — — 1
C,a,xVC,lll,x = C,gcVepx,* T,pcg,* C,gcVepx,*
We have rlng(t;) = rlng(s) — 1 and by Theorem we have rlng(t3) < rlng(¢1) and rlny(ts) <

rlna(t1). We apply the induction hypothesis for every step in ¢3 Lopegx, t4 and we derive rlng(ts4) <

rlng(t1) < rlng(s) and rlng(ts) < rlng(t;). Theorem shows that rlng(ts) = rlng(ts) and
rlny(ty) = rlna(ts), and thus rlng(s’) = rlng(ts) + 1 < rlng(t1) + 1 = rlng(s) and either
rlng(s') = rlna(ts) < rlna(ty) = rlng(s) (if a € A), or rlna(s’) = rlna(ts) + 1 < rlnu(t) +1 =
rlna(s) (if a € A).
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no,cp

2. Let s —— t1. If t; is a WHNF, then by Lemma s DoVl ) where t} is a WHNF and
rlng(s’) < rlng(s) and also rln(s’) < rlna(s) holds. If ¢; is not a WHNF, then t; ——% t5 where
a € {(lbeta), (seq)} and diagram or of Fig. |§| holds. For diagram we have:

T,pcg ,

S S
no,cpi/ \‘V”wyCP
3] t’1
no,ai/ | no,a

Y
to— — —>t3— — — >t
2 T,pcg 3 T,pcg,0v1 4

Then rlng(t2) < rlng(s) and we apply the induction hypothesis to the transformation step to Lopeg, t3

which shows rlng(t3) < rlng(t2) < rlng(s). We then apply the induction hypothesis to t3 Lopeg OVI,

t4 which shows rlng(t4) < rlng(ts) < rlng(s), rlng(s’) < rlng(s), and either rln(s’) = rlna(ts)
<rlna(t2) =rlna(s) (ifa € A) or rlna(s’) = rlna(ts) + 1 <rlna(t2) + 1 =rlna(s) (ifa € A).

.. . . . . . no,a no,c c no,c no,a
Similarly, in diagram (1) the situation is: ty ¢—=— #; =2 g 29, g 2Py 4 2% 4. and
Cicp T,peg

ty —— 13 LN ty —— t5. Then rlng(t2) < rlng(s), rlna(tz2) < rlna(s) and by Theorem

rlng(t4) < rlng(t2), rlna(ts) < rlna(tz) and we apply the induction hypothesis to ¢4 Topeg, ts and
have rlng(t5) < rlng(ts) < rlng(s) and rlng(s’) < rlng(s) and also rlny(s’) < rlna(s).

m . . . .
3. If s =25 ¢, then diagram , , or of Fig. |8 holds, which can be summarized as follows:
T,pcg ’
s s
no,llll | no,lll
e
B G T pegB 12 Treg™ 13

Then rlng(t;) = rlng(s), rlna(t;) = rlna(s), and rlnall(t;) = rlnall(s)—1. Theorem[3.5 (), and
Proposition show that rlng(ts) < rlng(t1), rlna(te) < rlna(t;), and rlnall(te) < rlnall(ty).

Thus we can apply the induction hypothesis to tg Lopeg, t3 which yields rln4(t3) < rlna(t2) (also for
A =2). Since ¢ nodll, t3, we have rlna(s’) = rlna(ts) < rlna(ts) = rlna(t;) = rlnu(s) which
shows the claim.

Theorem 4.7. The program transformations (pcg), (pcgE), and (cse) are improvements.

Proof. For (pcgE) the claim is proved in Proposition and for (pcg) this follows from Lemma cor-
rectness of (pcg) (Proposition and the context lemma for improvement (Lemma [3.8).

As demonstrated in Eq. , the transformation (cse) can be represented as a sequence e B9 and
since (gc¢) C =24 for all A by Theorem this shows that (cse) is an improvement for all A. O

5. Abstract Machine Semantics and Analysis of Resource Measures

The goal of this section is to investigate the relationship between the measure rln(:) and the counting
measures used in [10, [5] for their improvement relations. The following results are obtained in this section:

e In Theorem we show that rlny(-) coincides with the number of essential transition steps mln4(-)
for all A, of the abstract machine of [10].

e In Theorem we compare the number of all transitions steps (the measure used by [10]) with our
measure and the measure used by [5].

e For normal forms under (1l1)-, (gc)- and (cpax)-reductions, the measures counting all machine transi-
tions and counting essential machine transitions are almost the same (see Theorem [5.24)).

e We show that the complexity of first-order functions is the same under various measures of reductions.
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To compare and relate the resource consumption of two program calculi, we define the notion of an
asymptotically resource-preserving translation. Therefore, we use the O-notation as follows.

For a set of expressions E and functions f,g: F — N, we write f € O(g), if there is a constant ¢ > 0,
s.t. for alle € E: f(e) <c-gle).

Definition 5.1. Let K1 = (Ey,~1,s8izeq, u1), Ko = (Ea, ~9,sizeq, us) be two calculi with sets of expres-
sions E;, contextual equivalences ~;, size-measures size; for expressions, and measures p; for reduction
length of expressions. A translation § : K1 — Ko is size-preserving, iff sizej(e) € O(sizez(£(e))) and
¢ is fully abstract; i.e., for all e’ € Ej: e ~1 ¢ <= &(e) ~o &(€). A translation £ : K1 — Ko
is asymptotically resource-preserving, iff & is size-preserving and there exists an n € N with pi(ey) €

O(sizez(§(e1))" - (p2(€(e1)) +1)).

In Theorem we prove several results on asymptotic resource-preserving translations between the
calculus LR and the abstract machine of [10] w.r.t. different measures for reduction lengths.

5.1. Abstract Machine Semantics

The abstract machine used by [I0] extends Sestoft’s abstract machine mark 1 [26] by handling case-
expressions and data constructors. We recall this abstract machine and extend it slightly to also handle
seg-expressions

Definition 5.2. The syntaxr of machine expressions is the same as the syntax for LR-expressions except
that argument positions are restricted to variables, i.e. in applications (s t), seq-expressions (seq s t), and
constructor applications (c t1...ta. () the expressions t,t; must be variables.

We define a translation from LR-expressions into machine expressions:

Definition 5.3. The translation ¥ from LR-expressions into machine expressions is

P(x) ==z, ifze Var
P(s t) := letrec z = 9(t) in (¢(s) )
Y(seq s t) := letrec z = ¥(t) in (seq ¥(s) z)
(e sy ... 8y) = letrec 1 =9¥(81),.. ., Tn =U(sy) in (c x1 ... xy)
L/J( [317~'~7 n]) = M[¢(81)7,w(8n)],
for all multicontexts M of the forms letrec x1 = [-],...,x, =[] in [], Ax.[1],

or caseg [-] (pat; =>[])... (pat, ->[]).

Lemma 5.4. For s € Ezpr, size(s) < size(y(s)) < max(3,2 + mazArityOfConstructors(s)) - size(s)
where mazArityOfConstructors(s) is the maximal arity of constructors that occur in s.

Proof. Since size(9(s t)) = size(letrec = = ¥(¢) in (¥(s) z)) = 3 + size(¥(s)) + size(¥(t)), the

factor 3 is required. size(¢(c s1...s,)) = size(letrec x1 = P(t1),...,Tn = Y(tn) in (c z1...2p)) =
2+n+ ), size(y(s;)), which has to be compared with size(c sy ...sy), which is 1 4+ ) size(s;), hence
the factor 2 4+ n is required. So we can take the maximum for an estimation. O

Since ¥(t) Cuep, t, Theorem [3.5[ (6] implies:
Lemma 5.5. For all closed t € Expr and all A: rlna(t) = rlna(¥(t)).

Definition 5.6. A state Q of the machine is a tuple (T | s | S), where T is an environment of bindings
(like a letrec-environment), s is a machine expression, and S is a stack, with entries #upd(x), #app(zx),
#seq(x), #case(alts) where x is a variable and alts is a set of case-alternatives. We use list notation for
the stack S. The transition rules of the machine are shown in Fig. @ With (Unwind) we denote the union
of (Unwindl), (Unwind2), and (Unwind3). The machine starts with (0 | s | []) for an expression s and an
accepting state is of the form (' | v | []) where v is a value (i.e. an abstraction or a constructor application,).
A machine state (T' | s | S) is reachable iff there exists an expression t s.t. (B |t|[]) = (T'|s|S).
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(Lookup) Tz =s]|x|S)— ('|s|#upd(z):S)

(Update) (' v | #upd(z): S) = T,z =v|v|S) where vis a value (v = Az.s or v = c/)
(Unwind1) (T | (s 2) | $) = (T | 5 | #app(x) : )

(Unwind2) (T'|(seq s xz)|S) — (I'|s|#seq(z):S)

(Unwind3) (T'| casek s alts | S) — (T | s | #case(alts) : S)

(Subst)  {T'| Ax.s | #app(y) : S) = (T | sly/a] | 9)

(Seq) (T o] #seq( ):S)=(T]yl|S) Where v is a value (v = Az.s or v = ¢7)
(Branch)  (T'| ¢; x @ | #case(... (cix¥ —>t) —~ (T |t[Z/Y]|S)

(Letrec) (T' | letrec Env in s |S) — (T, Em) | 5 | S)

Figure 9: Machine transitions

We define a mapping ¢ from reachable machine states to machine expressions:

(I [ s | #upd(z) : 5)) == o((T,w = s || S))  ¢((T|s|#app(z) : 5))
oI [ s | #seq(z) : ) = o((T'| (seq s x) [ 5))  ¢((T' | s | #case(alts) : 5))
o((T s 1)) := letrec 'in s

@g

(T [ (s z) [ 5))
(T | (case s alts) | S))

Note that ¢((I' | v | [])) = letrec I' in v and thus accepting states are mapped to WHNFs. Let ¢ (lbeta) =
Subst, ¥ (case) = Branch, and (seq) = Seq, and for §) # A C {lbeta, case, seq} let ¥(A) := {¢(a) | a € A},
in particular ¢ (1) = {Subst, Branch, Seq}.

Definition 5.7. Let s be a closed machine expression such that () | s |[]) - Q where Q is an accepting
state. Then mlnall(s) = n, and mlna(s) counts the number of the (Subst)-, (Branch)-, and (Seq)-steps
which are in ¥(A). The number mlnlook(s) counts all (Lookup )-transitions. If no such sequence exists for
s, then mlnall(s) = mlng(s) = mlny(s) = mlnlook(s) = oco. We use mlnx(-),mlny(-),mlnlook(-) with the
same meaning also for reachable states Q@ of the machine.

Note that the improvement theory in [10] is based on the measure mlnall(-), whereas the measure in [5]
is mlnlook(-) (see the comparison Theorems and [5.24). Note also that the complexity of reduction of
expressions is adequately measured with mlnall:

Proposition 5.8. The number of steps k on a RAM executing the reduction of a machine expression s on
the abstract machine is smaller than a - size(s) -mlnall(s) where a is a constant independent of s. This is
under the assumption that storing and accessing the store requires constant time.

Proof. The transitions (Lookup), (Unwind), (Seq), and (Letrec) require constant time, and the transitions
(Update), (Subst), and (Branch) require time O(size(s)), since the size of abstractions and case-alternatives
in the transition sequence starting with (§ | s | []) is at most size(s). O

5.2. Relating the Essential Reduction Steps

In this section we show that for a machine expression s the number of essential transition steps coincides
with the number of essential normal order reductions in LR, i.e. we show that rIns(s) = mlnx(s). With
Lemma [5.5] this also implies that for every LR-expression s the equation rln4(s) = mlna(¢(s)) holds.

Lemma 5.9. For a reachable state Q with Q@ — Q’, one of the following cases holds for ¢(Q) and ¢(Q’):

Q%ookupVUnwinle, Q Branch Q/ Q Update Q, Q Letrec Q/
¢ N ¢ by vo oy Vo o by v o
HQ=BQ)  HQ) s =58 = 6(Q) 6(Q) 7= 6(Q) HQ) s HQ)

Q & Q/ Q Update Q/ Q Subst Q/
oy ve o oy Ve oy Ve
Qo zp@Q) dQ 75557575 75 70@) Q7 5037505 750 @)
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(mo,cpv-e) letrec Env,x = v*P y = C[z*UPVrontarg] in s — letrec Env,x = v,y = C[v] in s
where v is a value

(mo,cpv-in) letrec Env,r = v*? in C[z*'®] — letrec Env,z = v in C[v] where v is a value

(mo,f-var)  C[(\z.5)* y] — Cls[y/a]]

(mo,casecx) Clcasex (cxi @)™ ...(cxid ->s)...] = C[s[Z /Y]]

(mo,seq-c) Clseq v z] — C[z]

(mo,glletm) R~ [(letrec Env in s)*P] — letrec Env in R~ [s]

(mo,gllet-in) letrec Env; in C[(letrec Envy in s)*“?] — letrec Envy, Envy in C[s]

(mo,gllet-e) letrec y = C[(letrec Env; in s)*®], Envy in t — letrec y = C[s|, Envy, Envy in t

Figure 10: Machine order reduction rules

mo,cpv,x  mo,B—var mo,cpu,x  Mmo,casece mo,epu,X mo,seq—¢ mo,glll

377’7}-7’77;7“ s,,’p,;.f;,}r S§—— —>+— - = =T S***:T

no,cp,* ~ - 7 ”O’Cpx*\L - 7S,cp,* s
sCD, e S,cp,* .7 S,gc,* 7 no,lll Ve
. g no,case - . - S,ge,* o Sl *
< S,gc,* . 7 S,cpx,*

no,lbetai/ 7 : g _ P ”073€q¢ - S,cpx,* t

t 7 S,cpx,x t 7 S,cpcx,* t 8, cpex,*

(21) (22) (23) (24)

Figure 11: Diagrams for transferring normal order reductions into machine order reductions

Proposition 5.10. For a closed machine expression s and ) # A C A, mlna(s) = n implies rlny(s) = n.

Proof. Let mlny(s) = n. We consider the sequence of machine transitions from (f) | s | []) to an accepting
state and construct a sequence of (no,lbeta)-, (no,case-c)-, (no,seq)-, (T,cp)-, (T,cpex)-, (T,cpax)-, (T,11)-,
and (T-ge)-transformations from s to a WHNF.

Solet Qo = (0| s|[]) LN Qr, where Qi is an accepting state. We use induction on k: If £ = 0 then
s = ¢(Qo) is a WHNF. If k£ > 0 then we apply Lemma to Qo — @1 and then apply the induction

hypothesis to @1 LEEN Q. This construction gives a sequence of transformations from s = ¢(Qq) to a
WHNF, where the sum of (no,lbeta)-, (no,case-c)-, and (no,seq)-steps is n.

Now iteratively apply Theorems |3.5| and from right to left to every transformation which is not a
normal order reduction. Since all these steps leave the measure rln4(-) unchanged, and the normal order
step increases the measure by 1, this shows rlna(s) = n. O

We define a variant of the normal order reduction for machine expressions — called machine order reduc-
tion: It uses the reduction rules shown in Fig.[10[and the machine order redex is found by the labeling algo-
rithm in Definition Let (mo,cpv) be the union of (mo,cpv-e) and (mo,cpv-in), and (mo,glll) be the union
of (mo,glletm), (mo,gllet-in), and (mo,gllet-e). A machine order WHNF (MWHNTF) is a value or an expres-
sion of the form letrec Env in v where v is a value. Let ¢(lbeta) = (mo,B-var), 1(case) = (mo, casecz),
and 1(seq) = (mo,seqc). For a closed expression s and () # A C 2, let rln,,, 4(s) be the number of
(mo, a)-reductions with (mo, a) € ¥(A) in a machine order reduction sequence from s to an MWHNF, and

rln,, 4(s) = co otherwise.

mo,cpv,x -,
S

Lemma 5.11. If the machine expression s is a WHNF, then either s is also an MWHNF, or s
where s’ is an MWHNF.

no,cp,* ; mo,seqVibeta
S

t. The diagrams in Fig.

show how at least one machine order reduction can be performed for s, s.t. s oty and how t and r are
joinable by program transformations.

Lemma 5.12. Let s —=% t where a is not a (cp), or s

Proposition 5.13. For all § # A C A, closed machine expressions s: rlna(s) =n = rlng, a(s) =n.
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Proof. Let s LLEN t;, where t is a WHNF. We use induction on (rlng(s),rlnall(s)) to show the claim.
If rlnall(s) = rlng(s) = 0, then s is a WHNF, and s ——=%"% & where s’ is an MWHNF and thus
no,cp mo,cpu,*

rln,,, 4(s) = 0. Now assume rlnall(s) > 0. If s —— ', where s’ is a WHNF, then s ——— s”, where
s is a WHNF, and so rlng(s) = rlngm, a(s”) = 0. In the other cases we apply a diagram from Lemma
to a prefix of s nok, ty. For diagram we have rlng(t) = rlng(s), rlnall(t) < rlnall(s), and
rlna(t) = rlna(s) By Theorem rlng(r) = rlng(s) (also for A = A) and rlnall(r) < rlnall(s).
We apply the induction hypothesis to r and get rln,,, a(r) = rlna(s) and thus rln,,, 4(s) = rlna(s).

If diagram (22), (23), or is applied, then rlng(t) = rlng(s) — 1 and Theorem shows that
ring(r) = rlna(t). Let 2% be the given normal order reduction which is not a (no,cp). Applying the
induction hypothesis to r shows rln,, a(r) = rlna(s) — 1 (if a € A) or rlng,, 4(r) = rlna(s) (if a € A).
Since s —* 1 where exactly one (mo,casecx)-, (mo,seq-c)-, or (mo,3-var)-reduction is in the sequence,
where v(a) is this reduction, we have rln,,, 4(s) = rlna(s). O

Proposition 5.14. For all ) # A C A and closed machine expressions s: rlna(s) =n = mlng(s) =n.

Proof. From rlny(s) = n we get rln,, a(s) = n by Proposition Let s 2% s where ' is an
MWHNF. By induction on k, we show that for every reachable machine state Qo with ¢(Qo) = s there
Letrec,0V1 ’
————— () where
Q' is accepting. For k > 0, let s =% s mok=l, o The following diagrams (where (UL) is (Unwind) V
(Lookup)) show the relationship between s -2 sy and the machine transition for Q:

exists an accepting state Q,, s.t. Qo — Q,n and mlng(Qo) = n. If k = 0, then Qo

mo,cpv mo,B—var mo,seqc mo,casect mo,glll
S§—> 98y S§—> 98y S§—> 9o S—> 98y S—> 98y
A A A A A
¢ Ao o Ao o Ao o Ao o Ao
Qg% Gpdae @0 Q05 T e @ Qogt wR @ Qg T pma @ Q05 T e @

The diagrams show that after applying the induction hypothesis to so and @1 we have rlng,, a(s) =
mlna(Qo). Finally, since ¢(Qo) = s for Qo = (0| s | []), we have mlna(s) = rln,,, a(s). O

By Propositions and and Lemma [5.5| we have:
Theorem 5.15. For any closed s € Expr and 0 # A C A: rlna(s) =mlna(¢(s)).

Corollary 5.16. The translation ¢ seen as a translation from LR to the abstract machine of [10] in the
variant presented in this paper is fully-abstract.

5.3. Relating FEssential and All Transition Steps

In this section, we compare our different length measures and relate counting the essential transition steps
and counting all transition steps. In the following, we write (ULLU) for the union of (Unwind), (Letrec),
(Lookup), (Update) and (SBS) for the union of (Subst), (Branch), (Seq).

Theorem 5.17. For all closed machine expressions s with s|: mlnall(s) < 3-(size(s)+2)- (mlngy(s)+1).

Proof. Let mlng(s) = nand Qo = (0 | s | [[) = Qum, where Q,, is an accepting state and the sequence
contains n (SBS)-transitions. The number of (Update)-transitions is equal to the number of (Lookup)-
transitions. The number of (Unwind)-transitions is equal to the number of (SBS)-transitions. It remains
to count the (Letrec)- and the (Lookup)-transitions. First observe that letrec-expressions and -bindings
which are generated by an (SBS)-transition are a copy of a subexpression which exists in s (where variables
may be permuted). Since a (Letrec)-transition removes the letrec, there are at most (n + 1) - size(s)
(Letrec)-transitions. The same argument applies to the first (Lookup)-transition of a binding z = .... The
number of other (Lookup)-transitions (which are not the first for a binding « = ...) is bounded by n + 1,
since for such a (Lookup) the binding must be x = v, where v is a value, which implies, that no other
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(Lookup) transition can follow before another (SBS)-transition is performed. Thus, in total there are at
most (n+ 1) - (size(s) + 1) (Lookup)-transitions.

Concluding, in the sequence there are at most (n 4 1) - size(s) (Letrec)-transitions, at most (n +
1) - (size(s) + 1) (Lookup)-transitions, at most (n + 1) - (size(s) + 1) (Update)-transitions, and exactly n
(Unwind)-transitions. By adding the n (SBS)-transitions this shows mlnall(s) < 3-(n+1)-(size(s)+2). O

We analyze whether the measure mlnlook(-) is appropriate as claimed in [10] and used in [5].
Proposition 5.18. For all closed machine expressions s with s).: mlnall(s) < (2-size(s)-(mlnlook(s)+1)).

Proof. Consider a valid transition subsequence without a (Lookup)-transition. For every intermediate ma-
chine state m; = (I' | s; | Si),4 = 1,...,n consider the expression u; = ¢(( @ | s; | S;)). Then size(u;)
is never increased by the intermediate steps, but strictly decreased by (Subst), (Branch), (Seq), (Update),
and (Letrec). The maximal size of u; is not greater than size(s) (as already argued), hence mlng(s) +
(number of (Update)s) + (number of (Letrec)s) is not greater than size(s) - (mlnlook(s) 4+ 1). Since the
overall number of (Unwind)s is exactly mlng(s), we obtain mlnall(s) < (2-size(s)- (mlnlook(s)+1)). O

Theorem 5.19. Let s be a closed machine expression. Then mlnlook(s) < mlnall(s) < (2 - size(s) -
(mlnlook(s) + 1)), and mlng(s) < mlnall(s) < 3-(size(s)+4) - (mlny(s) + 1).

Note that Theorem justifies our claim that common subexpression elimination (also called S-expand)
is an improvement in [I0] and also in [5]. However, our proofs only show that this is the case if improvement
is defined w.r.t. mIny(.) in their calculusﬂ Note that also the size is not increased (up to the initial inverse
(gc)) by common subexpression elimination.

As direct consequence of Proposition [3.3] Theorem [5.15, and Lemma [5.4] is:

Corollary 5.20. Let s be an expression. Then for s' = 1(s): rlng(s') < (size(s') +1) - (rlngpetar(s’) +1)
as well as mlng(s') < (size(s') + 1) - (mlngperay(s’) +1). With the size estimation in Lemma this
also shows: rlng(s) < (4 + mazArityOfConstructors(s)) - size(s) - (rlngpeta}(s) + 1) and mlng(s) < (4 +
mazArityOfConstructors(s)) - size(s) - (mlngperqy(s) +1).

The results in this section imply:

Theorem 5.21. The following calculi allow asymptotically resource-preserving translations into each other:
(i) LR with rlng; (i) Moran-Sands calculus with mlnall; (iii) Moran-Sands calculus with mlngy; (iv) the
Moran-Sands calculus with mlnlook; (v) Moran-Sands calculus with mlngperqy;and (vi) LR with rlngperq)

Note that in LR switching from rlng(.) to rlnall(.) is not resource-preserving, since there are LR-
expressions s s.t. rlnall(s) € O(size(s)™(rlng(s)+ 1)) is false for all n (details are in [22]). However, this
is not a counter argument against the LR-calculus, but only an argument against an implementation that
really mimics the (lll)-reductions.

5.4. Comparison of Measures for Simplified Expressions

We show that after a simplification, the measures mlng, mlnall, mlnlook are almost equivalent.

Definition 5.22. An expression s is a (Icpge)-normal form, if there are no (lll)-, (cpazx)- nor (ge)-reductions
(the (lcpge)-reductions) possible for s. For every closed expression s, its (lcpge)-normal form n fiepge(s) can
be effectively computed by applying the reductions.

5 We also cannot express the improvement result for (cse) using mlnall and so-called ticks (see [I0]), since ticks can only
express additive work, but the measures mlny4(.) and mlnall differ by a factor depending on the size of the initial expression.
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Lemma 5.23. For every closed expression s its unique n fiepge(s) exists. It can be computed in polynomial
time by exhaustively applying (lepgc)-reductions. If s is a machine expression, then also nficpge(s) is a
machine-expression. The expression s is improved by n ficpge(s).

A closed expression in (lepge)-normal form has the following syntactic structure: the letrec-subexpressions
can only be the following: (i) s itself; (ii) the body of abstractions, (iii) alternatives of case-expressions, (iv),
the second expression of a seq, (v) the immediate subexpressions of a constructor application; (v) bindings
x =1y can only be of the form x = x.

Proof. Every reduction sequence using only (lcpge)-reductions is terminating and confluent [24]. The other
properties follow easily by checking the reduction rules. O

There is a better estimation in Theorem for (lepge)-normal-forms s:

Theorem 5.24. Let s be a closed (machine-)expression with s| and that is in (lcpgc)-normal form. Then

1. mlng(s) <mlnall(s) <7 -mlng(s)+3

2. mlnlook(s) < 2-mlng(s)+1

3. mlny(s) < 2-size(s) - (mlnlook(s) + 1)
4. mlnall(s) < 2-size(s) - (mlnlook(s)+ 1)

Proof. mlng(s) < mlnall(s) holds by definition of the measures. For showing mlnall(s) < 7 -mlng(s) + 3,
let s = s9 be in (Icpge)-normal form. Let Qo0 | so | [[) = Qun, where @, is an accepting state, the
sequence has n (SBS)-transitions, and let Q; = (H;, s;, S;).

Throughout the proof, we use the following invariant for each state @;, which can be verified by checking
all transition rules and using the fact that s is in (lepge)-normal form:

All expressions occurring in the heap and on control for each @; are in (lepge)-normal form, and
there never appear bindings x +— s in the heap, where s is a variable different from z, or s is a
letrec-expression.

We first consider the case Q; Letrec, Qi+1- Due to the above invariant, the subsequent transition applied

to Qi+1 cannot be a (Letrec)-transition. The transitions that may generate a state (H;,s;, S;), where s;
is a letrec-expression are only (Subst) and (Branch) due to the invariant. Thus the maximal number of
(Letrec)-transitions in the sequence Qo — @, is at most (n 4 1).

The number of (Update)-transitions is at most (2n+ 1) which can be justified as follows: We assign each

(Update)-transition either to the final state, or to an (SBS)-transition: For @Q; := (I', v, #upd(z) : S) Update,

(TU{z — v},v,85) := Qit1, we consider what happens next in the state Q;1:

1. the stack S is empty, and a final state is reached. The (Update)-transition is assigned to the final
state.

2. the stack S is non-empty and the top symbol of S is #app(y), #seq(y), or #case(alts) (for some

variable y, or alternatives alts, resp.). Then Q;11 585, Qi+2 and we assign the (Update)-transition

to this (SBS)-transition.

3. the stack S is non-empty and the top symbol of S is #upd(y). Let Q; := (I'U{y — t},y,5") —
(I',t, #upd(y) : §') := Q41 with j < i be the (Lookup)-transition which added the #upd(y)-symbol
s.t. S = #upd(y) : S’. Due to the invariant from above it is impossible that ¢ is a variable or a
letrec-expression. Moreover, ¢ cannot be a value, since then the state @); cannot be of the form
(T, v, #upd(x) : #upd(y) : S) (since Q;4+1 — Q;4+2 would update the binding for y). Thus ¢ can only
be an application, a case-expression, or a seq-expression. In any case there must be an (SBS)-transition
between Q;41 and Q; which evaluates t. We assign the (Update)-transition to this (SBS)-transition.

Considering all (SBS)-transitions, each (SBS)-transition gets at most two assignments: at most one of type
and also at most one of type , since there is at most one (Lookup)-(Update)-pair for the binding
y +— t. Thus, there are at most n (Update)-transitions of type , at most n (Update)-transitions of type
and at most 1 (Update)-transition of type (1)).
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Since the number of (Unwind)-transitions is exactly n (since every (SBS)-transition requires a preceding
(Unwind)-transition), and since the number of (Lookup)-transitions is equal to the number of (Update)-
transitions, this shows mlnall(s) < 7n + 3.

The second part follows from the already provided arguments. The third and fourth part follow from
Theorem (.19 O

Remark 5.25. The factor size(s) in the last two parts of the preceding theorem cannot be omitted. Let
59 = x; and s} = (/\y.s;»_l) zo, and tp, , = letrec xg = True,{z; = s ;}7, in z,,. Then ., is in
(lepge)-normal form, and mlng (tm,n) = mIngpetay (tmn) = M -0, mInlook(t,, ») = m + 1, mlnall(t,,,) =
2m - (n+1) + 3, and size(tm,n) = m - (3n+ 1) + 2, which shows that there does not exist a polynomial
poly, s.t. for all n > ng for some fized ng and fixzed m: mlnall(ty, ) < poly(mlnlook(ty, ,)) (mlng(tmn) <
poly(mlnlook(t,, ,)), Tesp.)

As a further remark, we show that the relation between mlng and mlngeiq) s not necessarily linear: For
Tm.n = letrec x=My.(letrec z;=seq True y, {z;=seq True z;,_1}/2,), uo=True, {u;=(z w;—1)}{2; in u,,
The number of (lbeta)-reductions is n and the number of seq-reductions is n- m, where n,m can be chosen
independently. Hence, in this series of examples the inequation mlng (s) < c-mlngpeq)(s) can be refuted for
every constant c.

5.5. Invariance of Complezity of Functions

In this section we want to analyze the relation between complexity of functions, improvement, and
different measures. We will apply the analysis to machine expressions and use the mln-measures.

We will use linear real-valued functions f : R — R of the form f z = a; -  + ag, where a;,a2 € R and
a1, as > 0; The composition of two linear real-valued functions is again a linear real-valued function.

Definition 5.26. Let the weak improvement relation <yeqk be defined by s <yeak t iff s ~c t and there is
a linear real-valued function k, s.t. for all contexts C: mlng(C[s]) < k(mlny(CTt])).

Note that this relation is a precongruence, and that s < ¢ implies s <yeqk -

The claim that we show in the following is that the complexity of functions on data is not made worse
under weak improvements. Roughly, the complexity of a function expression f is defined as a positive real
function g, s.t. for all arguments a, mlny(f a) < g(size(a)).

We will first analyze unary functions that operate on data, i.e. on arguments that do not contain function
expressions or abstractions.

Definition 5.27. A data expression in LR is a closed expression that consists only of constructors.
Thus a data expression may be a constant like True, a pair of constants, or a finite list of data expressions.

Definition 5.28. Let us define an upper complexity-bound of a closed expression s as a real-valued function
g, s.t. there exists a linear real-valued function k and for all data expressions d: mlng(s d) < k(g(size(d))).

Proposition 5.29. If s Syear t, then every complexity-bound of t is also a complexity-bound of s.

Proof. Let g be a complexity-bound of ¢. Then there exist linear functions ki, ks, such that for all data
expressions d: mlng(s d) < ki(mlng (¢t d)), and mlny(t d) < ka(g(size(d))). Then for all data expressions
d: mlng (s d) < ki(mlnyg(t d)) < k1(k2(g(size(d)))), and (k1 o ko) is also a linear function. Hence g is also
a complexity-bound of s. O

Lemma 5.30. Let s be a machine expression and pi, ji' € {mlng(-),mInall(-), mlnlook(:), mlngeey(-)} and
d be a (machine-) data expression i.e. d = ¢(d') for a data expression d'. Then there are linear real-valued
functions hy, ha, such that p(s d) < ho(size(s)) - hi (/' (s d)).

Proof. This can be derived mainly from Section [5.3] But an additional argument is required: Applying the
formula there would lead to a h(size(s d)) factor instead of h(size(s)). However, the data expressions do
not contribute to this size component, since the contribution comes from copying abstraction. But there are
no abstractions in d, hence the size of any abstraction in (s d) is not greater than the size of s. The nontrivial
cases can be derived from Theorem @ and Proposition @, and for mlnpesqy, from Proposition @ O
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Theorem 5.31. Upper complexity-bounds of LR-functions on data are the same for all the measures
{mlng(-),mlnall(-),mlnlook(-), mIngpera}(-)}-

Proof. We apply Lemmafor an expression s and j, ¢ € {mlng(-),mlnall(-),mlnlook(:), mlngpeqa}(-)}-
There are linear real-valued functions hq, ha, such that for all data expressions d: pu(s d) < ho(size(s)) -
hi(p/'(s d)). If g is a complexity upper bound of s w.r.t. p/, then there is a linear real-valued function
k1 with p/(s d) < ki(g(size(d))). Combining this, we obtain the inequation: u(s d) < hg(size(s)) -
hi(k1(g(size(d))). Since s was chosen fixed, ho(size(s)) is a constant, hence there is a linear real-valued
function ko with p(s d) < ko(size(d)). This argument is valid for all pairs u, ¢/, hence the theorem holds. [

Extending the analysis to higher-order functions where the arguments d are general, i.e. may also contain
abstractions, leads to weaker estimations. However, a natural condition on the expression s and argument
d, implies that also in this case, the same bounds are valid. We extend Definition [5.28

Definition 5.32. Let s be an expression and let P be a predicate on closed expressions. An upper (higher-
order) complexity-bound of a (closed) expression s under condition P is a real-valued function g, s.t. there is
a linear real-valued function ki and for all closed expressions d that satisfy P: mlng(s d) < ki(g(size(d))).

Proposition [5.29] still holds for the higher-order complexity bounds and all P, which can be proved using
the same estimations. However, Theorem [5.31] is weakened: by switching the measure, the upper higher-
order complexity bounds may increase from g to Az.x - g(x), i.e. for polynomial complexities, the degree may
increase by 1 at most. For example, consider switching from mlng to mlnall. Let g be the higher-order
complexity bound. The inequation becomes mlnall((s d)) < 3 - (size(s d) + 2) - (mlny((s d)) + 1)) =
3 (34 size(s) + size(d)) - (mlny((s d)) + 1)) < 3 (3 + size(s) + size(d)) - (k1(g(size(d))))). We see
that the asymptotical upper bound is a1 4 as - size(d) - g(size(d)). Thus for higher-order functions, the
complexity may be increased by one order if the complexity is polynomial.

Using the estimations in Theorem [5.24] we can show that the complexity also of higher-order functions
is not changed under switching between mln and mlnall under some natural conditions on the syntactic
argument structure:

Lemma 5.33. Let p,p/ € {mlng(-),mlnall(.)}, s be a machine expression in lcpge-normal form (see
Definition , and d be an lcpge-normal form. Then there is a linear real-valued function h, such
that p(s d) < h(p/(s d)).

Proof. Since (s d) is also in lepge-normal form, this follows from Theorem O

Note that for the measure mlnlook(:) such a result cannot be obtained: due to the additional factor

size(s) in Theorem see Remark

Theorem 5.34. Let s be a closed machine expression in lcpge-normal form, and let P be a predicate
for arguments, and assume that there exists a complexity-bound according to Definition [5.39 Then the
complezity-bounds of s are the same for the measures mlng(-) and mlnall(-).

Proof. Let p, 1’ € {mlng(-),mlnall(:)}. Lemma shows that there is a linear real-valued function h
s.t. u(s d) < h(w/(s d)). Let g be a complexity upper bound of s w.r.t. ¢/ and P. Then there is a
linear real-valued function k with p/(s d) < k(g(size(d))). Combining both inequations yields (s d) <
h(k(g(size(d)))). Since hok is a linear real-valued function, this shows that g is an upper complexity bound
of s wr.t. p and P. Since u, p' where chosen freely, the theorem holds. O

6. Adding Polymorphic Typing

In this section we consider the polymorphically typed variant LRP of the calculus LR, and look for
improvement in the typed setting. Considering the typed case is motivated by the fact, that there are
equivalences and improvements which hold in LRP, but do not hold in LR: For the test in the definition
of contextual equivalence and in the improvement relation a smaller set of contexts is taken into account,
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Figure 12: Types 7 € Typ, polymorphic types p € PTyp, polymorphic abstractions v € PEzpr, and expressions r, s,t € Ezpr
of the language LRP where z,z; € Var are term variables and a,a; € T'Var are type variables.
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Figure 13: Typing Rules for LRP

since only those contexts need to be considered which leave the expressions well-typed. Since LRP is a core
language of (pure) Haskell [9] our results are applicable there. As we show, our results and techniques on
improvements can straightforwardly be transferred from LR to LRP.

The extensions of LRP w.r.t. LR are type annotations at variables and constructors, and extra language
components, e.g. types as arguments, including a type reduction. This will be in system-F-style and restricted
to let-polymorphism [3| I3} 12} 27]. See also [I9] for an analysis of typed LR of simulations as a tool for
correctness. The syntax of the calculus LRP is defined in Fig. [I2] where every data constructor ¢ € D has
a polymorphic type type(c) of the form Aay,...ar. 71 = ... Tor) = K(a1,...,ar). We assume the distinct
variable convention for term and type variables. For simplicity, LRP is explicitly typed and thus we assume
that all typing information is already given by the type annotations. Thus, the typing rules given in Fig.
only perform type checking (but not type-inference). All expressions of a polymorphic type Aa.p are of the
form x :: p, A.e, (e 7), and (letrec Env in e), other forms are not possible. A polymorphic abstraction
is an expression of the form Aaq,...,ax.Az.e, and values are abstraction, polymorphic abstractions, and
constructor applications.

Definition 6.1. The reduction rules of the calculus LRP are:
(Tbeta) ((Aa.w)*® 1) — u[r/d]

and all other rules from LR (Fig. @, extended by types and the extended syntax such that: every variable is
labeled with a type, and fresh variables in rules are labeled with a type, which is derived in the rules (case-in)
and (case-e) from the types of the t; such that the types in the binding x; = t; are equal, and in rule (cp)
also polymorphic abstractions can be copied.

The labeling algorithm is the same as for LR (see Fig. [2) where type applications are treated like usual
applications. If the labeling algorithm terminates without Fail, then either a normal order redex is found,
which is a superterm of the sub-marked subexpression, or the evaluation is already finished (a WHNF).
Reduction contexts, weak reduction contexts, surface and top contexts are as for LR, extended by typing.
Definition 6.2 (Normal Order Reduction in LRP). Let t be an expression. Then a single normal order

reduction step LRP, s defined by first applying the labeling algorithm to t, and if the labeling algorithm
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Figure 14: Diagrams for (caseld)

terminates successfully, then one of the rules in Definition[6.1] has to be applied, if possible, where the labels
sub, vis must match the labels in the expression t.

Definition 6.3. A weak head normal form (WHNF) in LRP is a value, or an expression of the form
(letrec Env in v), where v is a value, or of the form (letrec x1 = (¢ ¢ ), {zi = x;—1}"5, Env in z,,).
An LRP-expression s converges, denoted as s, iff there exists a WHNF t such that s LRP* 4 Let s,t

be two LRP-expressions of the same type p. Then s and t are contextually equivalent (denoted by s ~. t),
iff for all contexts C|- :: p|: Cls|} <= C[t|{.

Contextual equivalence satisfies the type substitution properties of logical relations (see e.g. [13]), i.e.: If

s ~c t with s,¢ :: p, then s[1'/a] ~. t[7'/a] for s,t :: p[r/al], and if s, :: Aa.p with s ~. t, then (s 7) ~. (¢t 7).

Definition 6.4. The type erasure function ¢ : LRP — LR maps LRP-expressions to LR-expressions by
removing the types, the type information and the A-construct. In particular: e(s ) = e(s), e(Aa.s) = &(s),
e(x:p)==z, and e(c:: p) =c.

Clearly, LRP, reductions are mapped by e to LR-normal-order reductions where exactly the (Tbeta)-
reductions are omitted. The translation ¢ is not fully abstract, but adequate:

Proposition 6.5. The translation € is adequate (i.e. e(e1) ~. e(ea) = e1 ~. e3) and resource-preserving.

The measure for estimating the time consumption of computation also in LRP is rln,(¢) for § # A C
A = {lbeta, case, seq}. We do not count (TBeta)-reductions.

Definition 6.6. Let s,t be two LRP-expressions of the same type p. We define the improvement relation
=4 for LRP: Let s <4 t iff s ~c t and for all contexts C[- :: p]: if Cls], C[t] are closed, then rin(C[s]) <
tln,(C[t]). If s Sat and t <4 8, we write s =4 t.

The following facts are valid and can easily be verified:

1. for closed LRP-expressions s, the equation rlna(s) = rlna(e(s)) holds,

2. the reduction rules and extra transformations in their typed forms can also be used in LRP. They are
correct program transformations and improvements,

3. common subexpression elimination applied to well-typed expressions is an improvement in LRP.

For ¢ € {<,=,>} and a class of contexts X we define: For s,t of type p the relation s ><¢ x 4 ¢t (in LRP)
holds iff for all X-contexts X[ : p]: if X|[s], X[t] are closed, then rlns(X([s]) £ rlns(X[t]). The context
lemma for improvement also holds for LRP with almost the same proof.

Lemma 6.7 (Context Lemma for Improvement). Let s,t be LRP-expressions of type p. Then s ¢ p.a t
(or s> g4t or s g 1.4 t) implies s ¢ o, t.

We end this section by showing that the following transformation (caseld) is an improvement in LRP:
(caseld) (casek s (paty ->paty)...(pat|p,|=>patip,|)) — s

The rule (caseld) is the heart also of other type-dependent transformations, and it is only correct under
typing, i.e. in LRP, but not in LR, which can be seen by trying the case s = Az.t.
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Lemma 6.8. Let s t. If s is @ WHNF, then t is a WHNF. If t is a WHNF, then
LRP,lil,x LRP,case,0v1 LRP,ll,*x , ;.
S s’ where s’ is a WHNF.

Lemma 6.9. Ifs| As Locaseld, t, then tl and rlns(s) > rlna(t).

T,caseld LRP,k . . .
Proof. Let s — % tand s ——» s’ where s’ is a WHNF. We use induction on k. For k = 0, Lemma

shows the claim. For the induction step, let s LRP, s1. The diagrams in Fig.[14|describe all cases how the fork

T,caseld . . . . T,caseld
s1 LRE o Teaseld, o on be closed. For diagram (25) we apply the induction hypothesis to s; N7

which shows 1], rlna(s;) > rlna(t;) and thus also ¢t} and rlna(s) > rlna(¢). For diagram the

induction hypothesis shows the claim. For diagram (27) we have ¢}, since (abse) is correct. Moreover,

¢ D0y o i equivalent to s LouepV9e*, 4 and Theorem [3.5 #) and (6) show rlna(s’) = rlna(t). Thus

also rln(s) > rlnyu(t). For diagram we have t], since (cpex),(ge), and (cpx) are correct. Theorem (3.5
shows that rlna(s) > rlna(s’) = rlna(t), since (cpex),(cpx) and (ge) do not change the measure rlny(-).
For diagram the claim obviously holds. O

Theorem 6.10. (caseld) is an improvement.

Proof. Lemma and the diagrams in Fig. can be used to show (by induction on the sequence for t)

., Tcaseld . . . . .
that if s ——“% ¢ and ¢}, then s/, since the used existentially quantified transformations are correct and

diagram can only be applied finitely often. Then the context lemma for ~. (which states that convergence
preservation and reflection in reduction contexts suffices to show ~, see e.g. [I8]) and Lemma [6.9show that
(caseld) is correct. Finally, the context lemma for improvement (Lemma and Lemma show that
(caseld) is an improvement. O

7. Conclusion

We have developed a theory for improvements (w.r.t. the time behavior of programs) for the call-by-
need functional core language LR. Based on the exact analysis of counting reduction steps w.r.t. program
transformations in [24] in connection with a context lemma for improvement, we were able to show that
several local program transformations — which for instance occur during program simplification in compilers
or in reasoning tasks for larger program transformations — are improvements.

As a main result we have shown that common subexpression elimination is an improvement. This novel
result proves a conjecture in [I0]. Moreover, it is also practically useful, since for instance, the reasoning
on improvements for worker-wrapper transformations in a call-by-need language in [5] requires the property
that so-called S-expansion is an improvement, which appears in [I0], but the improvement property is only
conjectured. Since (-expansion is an instance of common subexpression elimination, we have also proved
that -expansion is an improvement.

Since our model for a call-by-need functional core language using a rewriting semantics is slightly dif-
ferent from the abstract machine model used by [I0], we have deeply analyzed the connection between the
formalisms. We also have clarified the relationship of the use of three different length measures, respectively,
in our approach and in [I0, [5]. There are differences between the measures, but they are not substantial.

A further requirement of the reasoning tasks performed in [5] is to exclude untyped cases by using a
typed instead of an untyped language. Since in the typed languages more program equivalences (on typed
expressions) hold, also more improvement laws hold on typed expressions. We have shown that it is rather
straightforward to extend and transfer our results on improvements from the untyped language to the typed
language. Additionally, we have demonstrated by a small example that our diagram-based technique can also
be used in typed languages to prove that the improvement property holds for typed program transformations.

The investigation of further reasoning techniques similar to the tick-algebra of [10] is not a topic of this
paper. However, recent results in [21] show that it is possible to develop such techniques which, for instance,
allow to prove improvements by inductive methods for list-like structures and functions operating on them.
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For future research we may investigate improvements w.r.t. other resources like space in call-by-need
calculi (see [4]). We conjecture that our diagram-based proof methods can also be used in those settings.
However, there are some obstacles when defining an improvement relation for space measurement. One
question is which measure should be used, for instance, one can sum the size over all expressions that
occur in successful reduction sequences, while it seems to be more adequate to use a measure which only
counts the maximum of the size of all those expressions. A further complication is that the operational
semantics of the LR-calculus as given in this paper does not care about generating and collecting garbage,
i.e. letrec-bindings which are no longer required for computing the result. However, when measuring space
this garbage should not be counted and thus it has to be removed, which requires an adapted evaluation
strategy which performs garbage collection.
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